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We propose and demonstrate a robust control scheme by ultrafast nonadiabatic chirped laser
pulse, designed for targeting coherent superpositions of two-level systems. Robustness against power
fluctuation is proved by our numerical study and a proof-of-principle experiment performed with
femtosecond laser interaction on cold atoms. They exhibit for the final driven dynamics a cusp on
the Bloch sphere, corresponding to a zero curvature of fidelity. This solution is particularly simple
and thus applicable to a wide range of potential applications.
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Quantum information technologies are expected to
play an important role in a near future [1–7]. A key point
will be our ability to manipulate and control the frag-
ile quantum systems, which requires high-fidelity fault-
tolerant controls [6–8]. Quantum error correction, for
example, needs computational infidelity below one part
per ten thousand [9]. It is necessary to develop robust
quantum control methods that tolerate fluctuations com-
ing not only from the environment but also from control
parameters themselves. When a two-level quantum sys-
tem is controlled with coherent radiation, control errors
are due to power fluctuation and frequency flickering.
In recent years, various techniques, such as composite
pulse sequences [10–12], pulse-shape programming [13,
14], and optimization techniques [15–17] have been pro-
posed to achieve robust quantum controls, mainly ad-
dressing population inversion; these require either a train
of well phase-maintained pulses or a complicated pulse
shape, and/or reverse engineering. Some of these tech-
niques have been demonstrated in a microsecond radio-
frequency regime when the pulses can be shaped directly
in the time domain [18].
In this Letter, we demonstrate robust quantum control
in the ultrafast femtosecond time-scale regime, when the
shaping is operated in the frequency domain. In such
systems, the frequency is relatively well stabilized [19],
therefore power fluctuation is the main source of error.
The control scheme is designed to target a robust coher-
ent superposition, i.e., with both the amplitude and the
relative phase of the superposition made robust with re-
spect to the power fluctuation. Quantum system driven
by femtosecond chirped pulse is known to produce state
selectivity [20, 21] and robust population inversion [22–
24] by rapid adiabatic passage [25]. But there are very
limited studies about robust creation of superposition of
states. One can cite for instance the half Stark chirped
rapid adiabatic passage technique [26] in a nanosecond
regime, which requires large pulse areas, and [18] in a
microsecond radio-frequency regime.
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We demonstrate the production of a robust superposi-
tion of arbitrary amplitude by deriving a simple and prac-
tical shaping involving only frequency quadratic chirping
and static detuning from a single Gaussian pulse. With
a numerical investigation of the Scho¨dinger equation
(TDSE) and, as a proof-of-principle demonstration, a
femtosecond laser-atom interaction experiment, we show
the occurrence of a cusp in the final dynamics, which val-
idates the existence of a robust control condition. The
physics behind this robust control may be understood in
the context of a dynamical balance between the compet-
ing effects of chirping and detuning, where the former
induces an adiabatic inversion and the latter its attenu-
ation.
The problem under consideration is the evolution of a
two-level system driven by a chirped and detuned Gaus-
sian pulse. The electric-field of the given pulse is defined
in the frequency domain as
E(ω) = E0 exp
[
− (ω − ωc)
2
∆ω2
+ i
c2
2
(ω − ωc)2
]
, (1)
where ωc is the center frequency of the pulse, ∆ω the
frequency bandwidth, and c2 the frequency-domain chirp
rate. The corresponding time-domain electric-field of this
pulse features a Gaussian envelope with a linear chirp:
E(t) = E(t) exp [−i(ωct+ αt2 + φ)] /2 + c.c..
For a two-level system {|0〉, |1〉} (of energies 0 and ~ω0,
respectively), the Hamiltonian reads after the rotating
frame transformation and the rotating wave approxima-
tion:
H(t) =
~
2
(
0 Ω(t)e−i
∫
∆(t)dt+iφ
Ω(t)ei
∫
∆(t)dt−iφ 0
)
, (2)
where ∆(t) = δ− 2αt is the instantaneous detuning with
the static detuning δ = ω0 − ωc and Ω(t) = µE(t)/~ is
the Rabi frequency with transition dipole moment µ.
Robustness of a dynamics, typically considered at the
end of the pulse, is characterized by the second-order
derivative, or the negative curvature, of the fidelity with
respect to the considered fluctuation. Such quantity has
been used for characterizing the composite sequences [10–
12] or for single-shot robust pulses [13]. Robustness cor-
responds to a flat profile of the dynamics at the end of the
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2pulse as a function of the fluctuation, i.e., to a very small
absolute value of the curvature. Technically, it can be
defined by a quantum geometric tensor [27, 28]. In our
case, we consider the power fluctuation via the dimen-
sionless error γ = δΩ/Ω in Rabi frequency. The fidelity
is defined by F = |〈ψ(Ω)|ψ(Ω + γΩ)〉| and the curvature
g is given by
g = −∂
2F(γ)
∂γ2
∣∣∣
γ=0
. (3)
For a fluctuating Hamiltonian H ′ = (1 + γ)H, the state
vector initially at |ψ(t = −∞)〉 = |0〉 evolves pertuba-
tively as U(t) ' U0(t)− i~U0(t)
∫ t
−∞ γV (t
′)dt′, where U0
is the time-evolution matrix for H and V (t) = U†0HU0.
We obtain
g = 〈0|
(
− i
~
∫ ∞
−∞
V dt
)†
|1〉〈1|
(
− i
~
∫ ∞
−∞
V dt
)
|0〉 (4)
up to the second order of the fluctuation γ [13].
Figure 1 shows the numerical calculation of the ro-
bustness using the curvature g and the fidelity F for
the two-level system dynamics driven by detuned and
chirped pulses. To make the comparison easier, we use
the dimensionless parameters ∆′ = δ/∆ω, c′2 = c2∆ω
2,
and the pulse-area (after shaping) Θ =
∫∞
−∞ Ω(t)dt.
The curvature g(Θ, c′2), is plotted for a particular value
∆′ = 0.637 in Fig. 1(a), which has been chosen such that
the dynamics reaches at the end of the pulse a coher-
ent superposition with equal weights Pe = 0.5. Opti-
mal robustness (g ≈ 0) occurs at point B: (Θ, c′2,∆′) =
(1.78pi, 2.52, 0.637). Less robust pulses with a smaller or
larger chirp rates are also shown in Fig. 1(a), respectively
denoted by A and C, which have small but not nonzero
curvatures. We remark that g = 0 points for smaller or
larger chirp rates may also be found at different ∆′s and
Θ′s, but occurring for larger pulse areas. Therefore, as
shown in Fig. 1(b), the optimal robust pulse B exhibits a
significantly flattened fidelity curve, or more robust evo-
lution, than other pulses and the Rabi-type evolution.
The optimal pulse B shows a 3.5 times wider range of
robust evolution than the Rabi oscillation.
The horizontal line segment in Fig. 1 corresponds to a
Θ-trajectory on the Bloch sphere. Figure 2 shows such
trajectories passing through respectively A, B, and C
points, which are plotted as a function of Θ, while c′2
and ∆′ are fixed in each trajectory. As clearly shown in
Fig. 2(a), the trajectory shape changes, as c′2 increases,
from a looped curve (case A) to an unlooped one (case
C), and, as a result, a cusp is formed in-between (case
B). The trajectory with a cusp is particularly interesting
in topology, because the singular nature of the cusp al-
lows both derivatives of any pair of mutually-orthogonal
coordinates, on the Bloch sphere, with respect to Θ be-
ing always zero [29], i.e., d|ψ〉dΘ =
∂|ψ〉
∂θ
dθ
dΘ +
∂|ψ〉
∂φ
dφ
dΘ = 0
at the cusp point. This occurrence ensures the curvature
to be zero (the optimal robustness). For higher pulse ar-
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FIG. 1: (Color online) Robustness map g(Θ, c′2) for
∆′ = 0.637. The negative curvature g is plotted as a func-
tion of the pulse area Θ and the chirp rate c′2. The most
robust point is located at B, while gA = 0.11, gC = 0.05, and
gRabi = 0.62. (b) Fidelity curves F(γ): The fidelity curve (red
solid line) is calculated at B as a function of the fluctuation
γ (see text for definition) and compared with cases A and C
(blue dash-dotted and yellow dashed lines, respectively) and
also with the Rabi-type evolution (purple dotted line) for the
same excited-state probability Pe = 0.5.
eas (and different chirp rates), other similar cusps occur
associated to other robust points (not shown).
To demonstrate the robustness experimentally, we per-
formed femtosecond laser-atom interaction experiments.
The experimental set-up and procedure are similar to
those in our previous experimental work [21, 30–32]. In
brief, a magneto-optical trap (MOT) was used to confine
rubidium atoms (85Rb) in a small volume for uniform
laser interaction. The diameter of the atomic vapor in-
side the MOT was 300 µm, about 43% of the laser di-
ameter. The laser setup consisted of a femtosecond laser
amplifier and, as a pulse-shaping device, an acousto-optic
programmable dispersive filter (AOPDF) [33]. Femtosec-
ond laser pulses were initially produced from a mode-
locked titanium-sapphire laser oscillator and amplified
up to 0.85 mJ of single-pulse energy at a repetition rate
of 1 kHz. Each laser pulse was then shaped with four
experimental parameters: center frequency, chirp rate,
bandwidth, and pulse intensity. The first three were pro-
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FIG. 2: (Color online) Θ-parameterized trajectories on Bloch
sphere: The final state after a chirped- and detuned-pulse
interaction is plotted with a Bloch vector. The trajectories
through A, B, and C in Fig. 1 are plotted with blue dash-
dotted, red solid, yellow dashed lines, respectively.
grammed with the AOPDF and the last, the laser in-
tensity, was fine-controlled with a half-wave plate sand-
wiched between a pair of cross-polarizers. The center
wavelength of the laser pulse was tunable from λc = 792
to 802 nm, which corresponded to the detuning range
between δ = −8.38 × 1012 and 2.13 × 1013 rad/s. The
laser bandwidth was fixed at ∆λFWHM = 10.4 nm
(∆ωFWHM = 3.1× 1013 rad/s), and the frequency chirp
rate c2 was changed from -40,000 to 40,000 fs
2 for vari-
ous experiments. The two-level system was formed with
5S1/2 and 5P1/2, the ground and the first-excited states
of atomic rubidium (85Rb). The population leakage to
other states, including 5P3/2, 5D, and ionization lev-
els, was less than 2% within the experimental parameter
range. After the atoms were controlled by the as-shaped
laser pulse, those in the excited state were ionized by
a probe laser pulse, which was the frequency-doubled
split-off from the unshaped laser pulse, and measured
with a micro-channel plate detector. The total sequence
of experiment was tuned at 2 Hz cycle to maintain the
MOT density by using mechanical shutters for femtosec-
ond laser pulses, and acousto-optic modulators for MOT
lasers. The MOT lasers were turned off before the ar-
rival of the control pulse to initialize the atomic state in
the ground state and turned on after the interaction to
restore the MOT.
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FIG. 3: (Color online) The probability Pe(Θ, c2) of the excited-state (5P1/2 of rubidium) after the detuned and chirped Gaussian
pulse excitation as a function of the pulse-area Θ and the chirp rate c2, while the detuning and laser bandwidth are fixed at
δ = 3.5 nm and ∆ωFWHM = 3.1 × 1013 rad/s, respectively. (a) Experimentally obtained probability map P expe (Θ, c2), to
which the measured atom population was converted using Rabi-oscillation calibration measurements (see text for detail). (b)
Theoretical result PTDSEe (Θ, c2), obtained using the TDSE calculation for an atom cloud of a Gaussian profile with a diameter
47% of the Gaussian laser beam diameter. (c) The behavior of the population Pe(Θ) for selected chirp rates c2 = 4, 000 (blue
circles), 8, 000 (red diamonds), and 16, 000 fs2 (yellow crosses), respectively shows good agreement with the TDSE calculation
(solid lines). The star and arrow symbols represent the robust condition.
Experimental results are compared with numerical cal-
culation in Fig. 3. The excitation probability Pe(Θ, c2)
of atoms after the shaped laser pulses was probed as a
function of the pulse-area Θ and the chirp rate c2, while
the detuning was fixed at δ = 3.5 nm (∆′ = 0.56).
This detuning corresponds to a coherent superposition
with Pe = 0.6. The results are shown in Fig. 3(a).
We note that, to retrieve P expe (Θ, c2) from the mea-
sured counts of the ionized electrons, we used Rabi-
oscillation calibration method [31]. The ideal robust
4control point, marked with star in the figures is lo-
cated at (Θ, c′2,∆
′) = (1.9pi, 2.79, 0.56) or (Θ, c2,∆) =
(1.9pi, 8.1 × 103 fs2, 1.04 × 1013 rad/s). In addition, we
assumed the minor discrepancy at the high laser-power
region (Θ > 2.5pi) was attributed to the effect of a possi-
ble pre-pulse with 0.4% energy and small relative phase.
The result of TDSE simulation for the two-state system
dynamics is shown in Fig. 3(b), where the spatial inho-
mogeneity [31] of the laser-atom interaction is taken into
account. Figure 3(c) shows that the overall behavior of
the two-level system dynamics is in good agreement with
the experimental data.
We now turn our attention to the generalization of
our robust control method to arbitrary target states.
We experimentally probed the two-dimensional section
at ∆′ = 0.56 of the three-dimensional parameter space
of (∆′, c′2, Θ) as illustrated in Fig. 4, where the targeted
robust point is marked with a star. Further numerical
investigations show that robust control conditions occur
along a line (the solid line with circles) in the parameter
space, where each value corresponds a specific value of
Pe. Along the line, the control parameters are numeri-
cally fitted to a function of Pe in the range from 0.08 to
0.98 as given in TABLE. I. The result indicates that the
robust control can be made to arbitrary target probabil-
ities. By considering the fact that the azimuth angle of
the Bloch vector, or the relative phase of the superposi-
tion, can be easily set with the carrier-envelope phase of
the laser pulse [30], our method can be thus generalized
to any target state, of arbitrary amplitude and phase, on
the Bloch sphere.
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FIG. 4: (Color online) Robust control conditions in the pa-
rameter space (∆′, c′2, Θ): Red circles represent the param-
eters for detuned and chirped pulses that induce robust con-
trol to various target probabilities; the solid and dashed lines
are the numerical fit and its projections to each plane, re-
spectively. The inset shows the Θ-trajectories on the Bloch
sphere, corresponding to the robust control red circles, each
featuring a cusp.
TABLE I: Robust control conditions numerically fitted to
Pe = A + B/(1 + Ce
−Dx), a step-like function of Pe, where
x = ∆′, c′2, or Θ/pi.
x A B C D
∆′ -0.055 1.19 0.079 -4.20
c′2 -0.097 1.076 22.5 1.32
Θ/pi −0.0033 1.019 264 3.14
Our strategy produces robust coherent superpositions,
far from the inversion, such as the typical half coher-
ent superposition, and it can be achieved in an ultra-
fast pulse duration. The large pulse area limit in Fig. 4
shows that the population inversion is recovered in the
adiabatic limit (however without modification of the en-
ergy of the initial pulse). For more complicated systems,
we expect more parameters for the shaping to achieve
robustness, which will result in a non-linear chirp and
non-Gaussian pulse in general (see for instance [34–38]).
If other states come into play and perturb our two-level
system, the strategy will consist in treating them by adi-
abatic elimination. This will result in a dynamical Stark
shift, corresponding to an additional detuning that can
be incorporated in the Hamiltonian and compensated by
the chirping. Further work will consist of adapting the
shaping in order to produce a robust qubit gate such as
the Hadamard gate.
In summary, we have shown that detuned and chirped
pulses can implement robust transfer of a ground-state to
a chosen coherent superposition of arbitrary amplitude
and phase. Our numerical study proves that robustness
is associated to a cusp in the final dynamics as a function
of the power fluctuation. As a proof-of-principle experi-
ment, we performed ultrafast optical control of cold ru-
bidium atoms, which validates the numerical simulations.
Our robust control solution is particularly simple, requir-
ing only frequency quadratic chirping (i.e., temporal lin-
ear chirping) and static detuning from a Gaussian-shape
pulse. Producing such robust coherent superpositions at
the femtosecond timescale is anticipated to become useful
in a wide range of applications.
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